if-spaces X whose mod p cohomology is finitely generated as an algebra are studied. Even generators of infinite height lie in degrees 2p> for j > 0. If H*(X] Z p ) is not finite dimensional, then H*(X; Z) must have p torsion of all orders if X is two connected.
Introduction.
In this note we begin a study of iϊ-spaees whose cohomology mod p is not finite dimensional, but is finitely generated as an algebra. We study these .ίf-spaces by studying the structure of their Borel decompositions. From the Borel structure theorem, if the mod p cohomology of an iϊ-space is nonfinite, either there are an infinite number of algebra generators or there are elements of infinite height. We prove the following: Theorem A. Let A be a modp cohomology Hopf algebra admitting an action of the Steenrod algebra. If A is finitely generated as an algebra, then the generators of infinite height lie in degrees of the form 2p j , for j > 0.
In the next theorem we show that nonfinite iϊ-spaces must have unbounded p-torsion in their cohomology. One should note that the three-connective cover of a Lie group is an example of an iϊ-space whose cohomology mod p is finitely generated as an algebra, but not finite dimensional. Other examples are K(Z p r, l)s and ϋ"(Z, 2)«s. Presently these are the only examples known to the author. From this, one might conjecture that all iϊ-spaces whose cohomology mod p is finitely generated, but not finite has the mod p cohomology of a product of a finite iί-space with copies of three-connective covers of Lie groups and K(Z p r, l)s and K(Z, 2)s.
There are a number of results related to Theorems A, B, C, D. Throughout this discussion, let X be an ϋf-space whose mod p cohomology is finitely generated as an algebra. If the Bockstein β x vanishes, Lin [LI] shows if p is odd, all even generators lie in degree 2. If X is homotopy commutative and homotopy associative, Slack [S] shows X is mod 2 equivalent to a generalized Eilenberg MacLane complex with homotopy groups in degrees 1 and 2. If X is the loops on an a p space, Lin [L2] proves the same result for p odd.
Throughout the entire paper, all spaces will have the homotopy type of a connected CW complex with finitely many cells in each degree. Unless otherwise specified, all cohomology or homology modules will be understood to be with Z p coefficients where p is a prime. All Hopf algebras are assumed to be connected and biassociative. We will assume the reader has some familiarity with the concepts of cohomology Hopf algebras. These objects are discussed in detail in [MS] .
Finally the author would like to express his appreciation to Mike Slack and Clarence Wilkerson for several useful conversations. In particular, Theorem 2.1 is due to Wilkerson. Also the referee considerably shortened the proof of Theorem A. §1. Elements of Infinite Height.
In this chapter we prove Theorem A using the T-functor technology originally due to Lannes [L] . Throughout this chapter, A will be a finitely generated mod p cohomology Hopf algebra over the Steenrod algebra. We have V p3~1 x is decomposable primitive, hence it is zero since all primitives lie in degrees 2//, ί > 0. Therefore by [Z2] , there is a secondary operation φ(x) with
Since a ^im? 1 , there exists a t E Piϊ*(X;Z p ) with But f/*(X; Z p ) has no pth powers since ίP(X; Z p ) is primitively generated. We conclude β λ x Φ 0 for every primitive even generator of degree greater than 2. D
